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Abstract. We study models of inflation where the scalar field φ that drives inflation is coupled
non-minimally to gravity via ξφ2R, or where the gravity sector is enlarged by an R2 term.
We consider the original Higgs inflation, Starobinsky inflation, and two different versions of
a scenario where the inflaton is a scalar field other than the Higgs, and discuss if they can
be distinguished from each other by measuring the tensor-to-scalar ratio and runnings of the
spectral index of primordial curvature perturbations, on top of the amplitude and spectral
index of the perturbations. We consider both metric and Palatini theories of gravity, showing
how detailed studies of non-minimally coupled models can help to identify the inflaton field
and how they may provide for a way to also distinguish between different theories of gravity
in the present context.
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1 Introduction
Cosmic inflation is the current paradigm for explaining the origin of temperature fluctuations
of the Cosmic Microwave Background radiation (CMB) and the large scale structure of the
Universe [1–6]. An early period of accelerated expansion is also successful in explaining why
the Universe is spatially flat, homogeneous, and isotropic to a high degree. Yet it remains
unknown how inflation happened and how it ended, at least in our observable Hubble patch.
Many phenomenological realizations of inflation have been studied in the literature over
the last few decades [7–10], and among the parameters that are relevant to inflationary
perturbations, two have already been measured to a high precision: the amplitude of the
curvature power spectrum, As = 2.1 × 10−9, and the corresponding spectral tilt, ns '
0.965 [11, 12]. The Planck and BICEP2/Keck Array collaborations have also placed a strong
constraint on the tensor-to-scalar ratio, r < 0.06 at the reference scale k∗ = 0.05 Mpc−1 [13].
In the future, this limit would become even more stringent. For example, some on-going
or near-future CMB B-mode polarization experiments such as BICEP3 [14], LiteBIRD [15]
and the Simons Observatory [16] are pushing the limit down to r . 0.001 – or aiming to
detect r above this limit. Yet other quantities such as the so-called running and running
of the running of the spectral index ns have also been constrained by Planck [11], although
currently the constraints are not severe. In the future, however, they are expected to improve
by galaxy surveys and/or observations of the 21 cm line [17–22].
Due to these good observational prospects, it is important to investigate in detail what
we can learn about different inflationary models and how to distinguish between them. The
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data obtained in the past have already ruled out the most minimal models where inflation
is driven by a scalar field (the ‘inflaton’) slowly rolling in a simple power-law potential (the
so-called chaotic inflation model), and in the future observations will allow to test also more
complex models, for example those where the inflaton is coupled non-minimally to gravity or
where the gravity sector is otherwise enlarged. This kind of models are arguably among the
most interesting ones, as they are in very good agreement with the present data. Examples of
such models include the famous Starobinsky [1] and Higgs inflation [23, 24] models. Especially
the latter is a particularly interesting model, as it is based solely on the known Standard
Model of particle physics (SM); for a recent review, see Ref. [25].
However, as noted in many works in the past, it is not easy to distinguish between
these models, as they both predict not only very small tensor-to-scalar ratio r but also very
similar numerical values for it. Furthermore, not only it is difficult to distinguish between
Higgs and Starobinsky models but also between any other scalar field models which include a
non-minimal coupling to gravity (see e.g. [24, 26–45]) – sometimes regardless of the inflaton
potential. This is because of the famous attractor behaviour [36, 38], where independently of
the original scalar potential some models asymptote to a universal attractor, the Starobinsky
model, at the limit of large non-minimal coupling to gravity. Further complications in iden-
tifying the inflaton field arise because already within e.g. the Higgs inflation model, there
can actually be more than one versions of it [32, 46–52].
Some attempts to distinguish between different non-minimally coupled models of the
same type have been made been in the past [53, 54] before the discovery of the Higgs boson.
This is the goal of the present work, too. We will study four models: the original Higgs
inflation, Starobinsky inflation, and two different versions of a scenario where the inflaton is
a scalar field other than the Higgs, and will discuss how they can be distinguished from each
other. In this paper we will augment the previous studies by adding three novel aspects which
were not included in the previous works: first, we will study the inflationary dynamics also in
the case where the inflaton field has a quadratic potential on top of its non-minimal coupling
to gravity. Second, we will calculate the running and the running of the running of the
spectral index of curvature perturbations, αs, βs, and discuss to what extent the models can
be distinguished from each other by observing αs and/or βs. Third, and most importantly,
we will study inflationary dynamics in both metric and Palatini counterparts of gravity.
In the usual metric formulation of gravity, one assumes that the space-time connection
is determined by the metric only, i.e. it is the usual Levi-Civita connection. In the Palatini
formalism, however, both the metric gµν and connection Γ are treated as independent vari-
ables, on top of the matter degrees of freedom in the theory. In General Relativity (GR), the
constraint equation for the connection imposes Γ to be the Levi-Civita connection, and hence
renders the two formalisms equivalent. However, with non-minimally coupled matter fields
or otherwise enlarged gravity sector this is generally not the case [55], and one has to make a
choice regarding the underlying gravitational degrees of freedom1. In the context of inflation,
this will generically change the field dynamics and hence also the predictions of the model.
This was originally noted in [32], and has recently gained increasing attention [51, 52, 56–70]
(see also [71–73]). Detailed studies of non-minimally coupled models are therefore interesting
not only for distinguishing between different models of inflation, but also because they may
provide for a way to distinguish between different theories of gravity. In this paper we will
discuss to what extent this is possible in Higgs-like inflationary models.
1 As we will see, this does not necessarily amount to adding new degrees of freedom to the theory.
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The paper is organized as follows: in Section 2, we present the models under consid-
eration and discuss the choice of gravitational degrees of freedom. In Sections 3 and 4, we
study inflationary dynamics and the subsequent reheating period in these models, paying
particular attention to observables which might help in distinguishing between models of the
same type. In particular, we will elaborate on the differences between the metric and Palatini
counterparts of gravity, both at theoretical and observational level. In Section 5, we present
the results of our numerical analysis and discuss the observational ramifications. Finally, in
Section 6, we conclude.
2 The Models
We will study extensions of the Standard Model where on top of the SM matter content we
assume there is at least one scalar field, S, which can act as an inflaton field. The relevant
part of the scalar potential then is
V (Φ, S) = λH(Φ
†Φ)2 +
m2S
2
S2 +
λS
4
S4 +
1
2
(
ξSS
2 + ξHΦ
†Φ
)
gµνRµν(Γ) +
1
2
f(gµν , Rµν(Γ)),
(2.1)
where
√
2ΦT = (0, v+ h) is the SM SU(2) gauge doublet in the unitary gauge and the Higgs
mass has been omitted, as it does not play a role in inflationary dynamics. Likewise, as we
will concentrate on cases where inflation is driven either by h, S or the f(gµν , Rµν(Γ)) gravity
term. In this paper, we concentrate on the form of
f(gµν , Rµν(Γ)) = f(R) = M
2
PR+ αR
2, (2.2)
which includes the so-called Starobinsky model. Here MP is the reduced Planck mass, gµν is
the metric tensor, Rµν is the Ricci tensor, and Γ is the connection. The Riemann tensor is
constructed from the connection and its first derivatives, Rρσµν = R
ρ
σµν(Γ, ∂Γ), and the Ricci
tensor from this in the usual way, Rµν = R
λ
µλν .
The well-known but important and often unappreciated point is that no metric is needed
to construct geometry. Usually one simply assumes that the underlying theory of gravity is
of metric type, so that the connection is given by
Γ¯λαβ =
1
2
gλρ(∂αgβρ + ∂βgρα − ∂ρgαβ) . (2.3)
This is the Levi-Civita connection, which associates the metric uniquely with the connection.
In the so-called Palatini formalism, however, both gµν and Γ are treated as independent
variables2. In GR, the constraint equation for the connection (which is found by varying the
action with respect to the connection) imposes Γ to be the Levi-Civita connection and hence
renders the two formalisms equivalent. However, with non-minimally coupled matter fields
or otherwise enlarged gravity sector this is generally not the case [55]. For example, in the
case of a non-minimally coupled matter field φ, variation of the action with respect to the
connection gives [32]
Γ = Γ¯ + δλα∂βω(φ) + δ
λ
β∂αω(φ)− gαβ∂λω(φ), (2.4)
2 In the following we will assume, for simplicity, that the connection is torsion-free, Γλαβ = Γ
λ
βα. For
non-vanishing torsion, see e.g. Refs. [52, 73], where it was shown that the new terms the non-zero torsion
introduces can significantly complicate the analysis and may change the overall results. The effect of that is,
however, beyond the scope of this work.
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where ω(φ) = ln
√
1 + ξφ2/M2P. From Eq. (2.4), deviation from the Levi-Civita connection
is clear. Therefore, it is a natural starting point to consider a theory where geometry depends
on both the metric and the matter fields coupled non-minimally to gravity. One can even
argue that the Palatini models we consider in this paper should not be seen as examples of
‘modified gravity’ theories, as currently we do not know what the fundamental gravitational
degrees of freedom are.
In any case, as we will discuss in detail in the next section, this means that models
of cosmic inflation in the Palatini and metric formulations are intrinsically different, with
profound consequences on inflationary observables. However, as can be seen from the form
of Eq. (2.4), when the inflaton field relaxes down to a value φ  MP/
√
ξ after inflation,
we retain the pure GR form of the theory. Hence, the model will pass all precision tests
of gravity in the present universe. By studying in detail the inflationary dynamics of such
models, however, one may be able to distinguish not only between different models of inflation
but also different formulations of gravity, despite them giving the same theory at late times.
This is exactly what we aim to do in this paper.
When it comes to the assumed form of the non-minimal couplings between scalar fields
and gravity, they are motivated by the analysis of quantum corrections in a curved back-
ground. It has been shown that renormalizability requires terms of the above form even
if the coupling constants ξi, i = H,S are initially set to zero [74]. This is the reason for
considering in this paper only such non-minimal couplings which involve operators quadratic
in the field. There are some mild observational constraints on the magnitudes of such cou-
plings: in the case of the SM Higgs, LHC constraints require ξH . 1015 in the metric case
[75]. As we will show, however, in the Palatini case such constraint cannot be derived. For
ξS, no observational constraints exist beyond the requirement that in the present Universe
ξS〈S2〉 M2P.
Before discussing the models in more detail, we comment on the choice of the gravita-
tional degrees of freedom. Despite the fact that the Palatini versions of f(R) theories suffer
from certain theoretical and observational shortcomings (see e.g. [55, 76]), Palatini models
where a non-minimally coupled scalar field has a canonical kinetic term do not constitute
an f(R) theory, and are therefore free of the problems that Palatini counterparts of f(R)
theories may face. Instead, such models can be shown to constitute a ‘degenerated higher
order scalar-tensor theory’ of a certain type [77] or a ‘non-trivial Brans-Dicke theory’ [78],
which in our case are equivalent to a metric theory with a non-canonical kinetic term for
the scalar field [79]. Because of that, this type of models are also sometimes called ‘metric-
affine’ theories [52, 71–73]. However, as discussed above, non-minimal couplings to gravity
should be seen not as an ad-hoc addition to inflationary models but as a generic ingredient
of quantum field theory (QFT), either because they are generated radiatively or because no
symmetry arguments forbid including them in the first place. As in usual QFT the matter
fields have canonical kinetic terms in the Jordan frame, it is in this sense that one can say
that the differences between the cases which we will call ‘metric’ and ‘Palatini’ are indeed
in the underlying theory of gravity and not simply in the choice of the model, that is in
the choice of the scalar field kinetic term and potential. While at least at classical level
one could simply start in the Einstein frame with any unusual scalar potential and/or kinetic
term introduced by hand, it is the surprising connection with gravity that makes only certain
models particularly interesting. In this paper, we will discuss a subset of such models.
Finally, we present the models. The different models we will study are:
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1. Higgs inflation (λH(Φ
†Φ)2 dominates; mS, λS, α = 0),
2. Starobinsky inflation (f(gµν , Rµν(Γ)) dominates; mS, λS = 0;h ' 0),
3. Quadratic S-inflation (m2SS
2 dominates; λS, α = 0;h ' 0),
4. Quartic S-inflation (λSS
4 dominates; mS, α = 0;h ' 0) ,
where the expressions in parenthesis denote the corresponding choices of parameters3. The
first model, Higgs inflation, has originally been discussed in Refs. [24] (metric case) and [32]
(Palatini case), the Starobinsky inflation4 with f(gµν , Rµν(Γ)) ∝ R2 in [1], and non-minimal
inflation with a Z2 symmetric polynomial potential in [23, 27] (metric) and [32, 59, 62]
(Palatini). In this paper we will study only the ‘pure’ cases shown above; mixed models
where scalar fields couple non-minimally to an extended gravity sector have been studied
recently in e.g. [65, 66, 70, 80–88], and multifield models with non-minimal couplings to
gravity in e.g. [36, 64, 69, 89, 90].
3 Inflation
We begin by comparing a generic model of cosmic inflation with a non-minimal coupling to
gravity in the metric and Palatini cases. We will first concentrate on Higgs-like models in
Section 3.1, and study Starobinsky inflation in Section 3.2.
3.1 Higgs-like inflation
Assuming that only one field is dynamical during inflation, the action reads
SJ =
∫
d4x
√−g
(
1
2
(
M2P + ξφ
2
)
gµνRµν(Γ) +
1
2
gµν∂µφ∂νφ− V (φ)
)
, (3.1)
where g is the determinant of the metric tensor, and φ = h or φ = S. The non-minimal
coupling in the Jordan frame action (3.1) can be removed by a Weyl transformation
gµν → Ω(φ)2gµν , Ω2(φ) ≡ 1 + ξφ
2
M2P
, (3.2)
which gives
SE =
∫
d4x
√−g
(
1
2
M2Pg
µνRµν(Γ)− M
2
P + ξφ
2 + 6κξ2φ2
2Ω2(φ)
(
M2P + ξφ
2
) gµν∂µφ∂νφ− V (φ)
Ω(φ)4
)
, (3.3)
where κ = 1 in the metric case and κ = 0 in the Palatini case. Because in this frame the
non-minimal coupling to gravity vanishes, this frame is called the Einstein frame. Because
now the connection appears only in the Einstein-Hilbert term, in this frame Γ = Γ¯, i.e. one
retains the Levi-Civita connection. Note that Eq. (3.3) exhibits the fact that Palatini models
are equivalent to metric theories with a non-canonical kinetic term for the scalar field in the
Einstein frame, as discussed in Sec. 2. With zero torsion, the only difference between the
3 As the SM Higgs quartic self-coupling λH does not vanish in general, we have in cases other than the
Higgs inflation assumed that instead of imposing λH = 0, the field itself is non-dynamical during inflation,
h ' 0.
4 As we will show, Starobinsky inflation does not have a Palatini counterpart.
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two theories of gravity is therefore in the value of κ. However, as also discussed in Sec. 2,
while one could, in principle, start in the Einstein frame with any kind of kinetic term, we
retain the usual assumption that the kinetic terms are always canonical in the frame where
the theory is defined.
With a suitable field redefinition φ = φ(χ), determined by
dφ
dχ
=
√
Ω2(φ)
(
M2P + ξφ
2
)
M2P + ξφ
2 + 6κξ2φ2
, (3.4)
the Einstein frame kinetic term can be brought back to a canonical form5. The solution to
this is [32, 58, 91]
√
ξ
MP
χ =
√
1 + 6κξ sinh−1
(√
1 + 6κξu
)
−
√
6ξκ sinh−1
(√
6ξ
u√
1 + u2
)
, (3.5)
where u ≡ √ξφ/MP. The action (3.3) then becomes
SE =
∫
d4x
√−g
(
1
2
M2PR−
1
2
∂µχ∂
µχ− U(χ)
)
, (3.6)
where U(χ) = V (φ(χ))/Ω4(φ(χ)) and R = gµνRµν(Γ¯). In this model inflation takes place at
large field values for which the Einstein frame potential either develops a plateau (in the case
of quartic potential in the Jordan frame) or has an otherwise suitable flattening effect (in the
case of quadratic potential). One can also see that when χ → 0, the usual Einstein-Hilbert
gravity of GR is retained regardless of the choice of formalism (metric or Palatini).
Let us first consider the cases where the Jordan frame potential is quartic in the field φ,
i.e. V (φ) = λφ4/4. In that case the canonically normalized field can be expressed as
φ(χ)

' MP√
ξ
exp
(√
1
6
χ
MP
)
metric,
=
MP√
ξ
sinh
(√
ξχ
MP
)
Palatini,
(3.7)
and hence the large field Einstein frame potential reads
U (4)(χ) =
λ
4
φ4(χ)
Ω4(φ(χ))

' λM
4
P
4ξ2
(
1 + exp
(
−
√
2
3
χ
MP
))−2
metric,
=
λM4P
4ξ2
tanh4
(√
ξχ
MP
)
Palatini,
(3.8)
where the expressions in the metric case apply for ξ  1 and χ  √3/2MP, whereas
the expressions in the Palatini case are exact. However, in our numerical analysis we do
not use the approximate result (3.8) but compute everything using the exact result U(χ) =
5 Strictly speaking this applies only to the one-field case; for multi-field cases, see e.g. [34, 64, 69]. The
form of the field redefinition also shows that in the Palatini case where κ = 0, no collider constraints on ξH
similar to those derived in [75] can be obtained. This is due to the fact that in [75] the authors considered only
the metric case and derived limits for the quantity β = 6ξ2Hv
2/M2P, which is quadratic in ξH. As is evident
from Eq. (3.4), this quantity only appears in the metric case, and in Palatini gravity one can only constrain
quantities like ξHv
2/M2P, for which one obtains roughly ξH . O(1032) – not a particularly stringent constraint.
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Figure 1. Einstein frame potentials for the cases with the Jordan frame potential assumed as
V (φ) = (m2/2)φ2 (left) and V (φ) = (λ/4)φ4 (right). Those for the metric and Palatini cases are
shown for several values of ξ. Notice that the metric and the Palatini cases are almost identical for
the quadratic potential.
V (φ(χ))/Ω4(φ(χ)) with Ω(φ) given by Eq. (3.2) and φ(χ) by Eq. (3.4). In Fig. 1, we show how
the Einstein frame potential changes depending on the value of ξ for the metric and Palatini
cases. In the left and right panels, the cases with the Jordan frame potential V (φ) = (m2/2)φ2
and V (φ) = (λ/4)φ4 are depicted. From the result (3.8) we see that for χ  √3/2MP
in the metric case or χ  MP/
√
ξ in the Palatini case, the potential tends to a constant
exponentially fast and is therefore suitable for slow-roll inflation (see the right panel of Fig. 1).
As we will show, the assumption that ξ  1 is typically justified, as for quartic potential
the amplitude of the curvature perturbation has the correct value only for large ξ, given
that the quartic self-coupling of the inflaton field is not very small, λ & O(10−10). However,
because scenarios where such small couplings are dynamically generated do exist (see e.g.
[92]), in the following we will evaluate the potential numerically, without relying on analytical
approximations which are shown here only for illustration.
Let us then discuss the case where the Jordan frame potential is quadratic in the field,
i.e. V (φ) = m2φ2/2. We will show that realizing successful inflation requires in this case
ξ  1, regardless of the choice of gravitational degrees of freedom. We see that in this limit
the second term in Eq. (3.5) becomes negligible and the metric theory asymptotes its Palatini
counterpart. The Einstein frame potential then becomes in both cases
U (2)(χ) =
m2
2
φ2(χ)
Ω4(φ(χ))
=
m2M2P
2ξ
sinh2
(√
ξχ/MP
)(
1 + sinh2
(√
ξχ/MP
))2 (3.9)
≈ 1
2
m2χ2 − 5
6
ξ
m2
M2P
χ4 +O(χ6),
from which one can see that even though there is no plateau in this case, the non-minimal
coupling still does have a flattening effect on the potential at large χ (see the left panel of
Fig. 1). However, we again emphasize that the above expressions are only for illustration
and that in our numerical analysis we compute the inflationary observables using the exact
potential in the Einstein frame. Also, note that in this paper φ = S in the case of quadratic
potential, i.e. we do not study cases where the Higgs mass term would dominate.
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Finally, we make a remark about quantum corrections, which in the case of plateau
potentials have been shown to be mostly insignificant during inflation (for recent works see
e.g. [34, 61, 93–95] and [96–103] for Higgs inflation specifically) but which might affect the
potential in the regime where reheating occurs [100, 102]. While such effects may be able
to change our results to some extent, quantifying their exact effect is not only difficult but
also certainly model-dependent. In this paper our aim is to study inflationary dynamics
at classical level as accurately as possible without making an attempt to relate them with
physics at lower energies. However, when it comes to the specific case where the SM Higgs
drives inflation, we will assume that the threshold corrections to couplings at intermediate
scales are large enough to support Higgs to act as the inflaton but small enough not to change
the classical analysis to large extent. For detailed studies on these effects, see [51, 58, 100,
103, 104]. In case of other models, we neglect the possible effect of quantum corrections. This
should not be a problem as our estimates for the reheating temperature and, consequently,
inflationary observables are rather conservative, as we will discuss in more detail Section 4.
3.2 Starobinsky inflation
The case of Starobinsky inflation deserves special attention6. For a general f(R) theory, the
gravitational part of the Jordan frame action is
SJ =
1
2
∫
d4x
√−g (f(gµν , Rµν(Γ))) , (3.10)
which can be written dynamically equivalently as [55]
SJ =
1
2
∫
d4x
√−g (f(z) + f ′(z) (gµνRµν − z)) , (3.11)
where z is an auxiliary field and we denote a derivative with respect to z by prime. Variation
with respect to z leads to
f ′′(χ) (gµνRµν − z) = 0, (3.12)
from which we see that for f ′′(χ) 6= 0, the auxiliary field is z = gµνRµν .
Redefining the field by ω = f ′(z)/MP and making again a Weyl transformation
gµν → Ω2gµν = ω
M2P
gµν , (3.13)
gives the Einstein frame action
SE =
∫
d4x
√−g
12M2PR− 3κM2P4ω2 gµν∂µω∂νω −
M3P
(
ωz − f(z)
MP
)
2ω2
 , (3.14)
where again κ = 1 in the metric case and κ = 0 in the Palatini case. Because in the Palatini
case the field ω is non-dynamical, we see that f(R) gravity-driven inflation only has a metric
counterpart7. Therefore, concerning Starobinsky inflation, in the remaining of this paper we
will consider only the case where κ = 1.
6For a historical review of Starobinsky inflation and non-minimally coupled models, see the Appendix of
Ref. [105] and references therein.
7Even though in the Palatini case the field ω is non-dynamical and cannot act as an inflaton, it can take
part in inflationary dynamics in the mixed case where f(R) gravity is considered alongside a dynamical field
driving inflation [65, 66, 70].
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As in Section 3.1, also in this case one can redefine the field by
dχ
dω
=
√
3
2
MP
ω
, (3.15)
so that the kinetic term becomes canonical and an action similar to (3.6) is retained. For
Starobinsky inflation f(R) = M2PR+αR
2, so in this case z = R and ω/MP = exp(
√
2/3χ/MP).
Thus the potential for the ‘scalaron’ field χ becomes
U(χ) =
M4P
8α
(
1− e−
√
2
3
χ
MP
)2
, (3.16)
which closely resembles the potential for the metric case, Eq. (3.8), for χ  √3/2MP and
with the identification α = ξ2/2λ. This is the origin of the famous ξ-attractor behavior
[36, 38], where independently of the original scalar potential in the Jordan frame the models
asymptote to a universal attractor, the Starobinsky model. However, as was recently pointed
out in [62], this behavior is not universal for non-minimally coupled models but depend on
the choice of the gravitational degrees of freedom, as can be directly seen by comparing the
Starobinsky potential (3.16) to the potential in the Palatini case, Eq. (3.8). Therefore, it
should not come as a surprise that only the metric counterpart of Higgs-like inflation will be
close to the Starobinsky model in the limit of large coupling.
3.3 Inflationary observables
We will now move on to study the important inflationary observables. In slow-roll approxi-
mation the inflationary dynamics is characterized by the slow-roll parameters
 ≡ 1
2
M2P
(
U ′
U
)2
, η ≡M2P
U ′′
U
, (3.17)
σ2 ≡ M4P
U ′
U
U ′′′
U
, σ3 ≡M6P
(
U ′
U
)2 U ′′′′
U
,
where the prime denotes derivative with respect to χ, and the total number of e-folds during
inflation N is given by
N =
1
M2P
∫ χi
χf
dχU
(
dU
dχ
)−1
. (3.18)
The field value at the end of inflation, χf , is defined via (χf ) = 1. The leading order
expressions for the spectral index, its running and running of the running, and the tensor-
to-scalar ratio are
ns ' 1− 6+ 2η , (3.19)
αs ' −242 + 16η − 2σ2 ,
βs ' −1923 + 1922η − 32η2 − 24σ2 + 2ησ2 + 2σ3 ,
r ' 16 ,
respectively.
Let us first discuss the case where the Jordan frame potential is quartic in the field.
Although the scalaron potential in the Starobinsky model, (3.16), is very similar to the scalar
– 9 –
field potential in the metric case, (3.8), their predictions for the observables are slightly
different in practice, and hence here we also give the predictions for those in the Starobinsky
case. We obtain
n(4)s − 1 '

− 2
N
+
3
2N2
metric,
− 2
N
− 9
2N2
Starobinsky,
− 2
N
− 3
8ξN2
Palatini,
(3.20)
α(4)s '

− 2
N2
+
9
2N3
metric,
− 2
N2
− 21
2N3
Starobinsky,
− 2
N2
− 3
4ξN3
Palatini,
(3.21)
β(4)s '

− 4
N3
+
33
2N4
metric,
− 4
N3
− 69
2N4
Starobinsky,
− 4
N3
− 9
4ξN4
Palatini,
(3.22)
r(4) '

12
N2
− 18
N3
metric,
12
N2
+
18
N3
Starobinsky,
2
ξN2
+
1
4ξ2N3
Palatini.
(3.23)
These approximate expressions were computed by neglecting the lower limit of integration
and terms linear in the field in Eq. (3.18). The results are in reasonable agreement with
the results computed numerically from Eqs. (3.4) and (3.2) as explained in Section 3.1, and
Eq. (3.16). The values are only shown for illustration to elaborate differences between the
different cases, and in Section 5 we only show the results of numerical computation which
are much more accurate.
The curvature power spectrum is given by [7, 12]
Pζ = 1
24pi2M4P
U(χi)
(χi)
, (3.24)
and the observed amplitude is Pζ = 2.1× 10−9 [11], which relates the non-minimal coupling
to the number of required e-folds and the model parameters. In the case where the quartic
self-coupling dominates the inflaton potential, we get
ξ(4) '

√
λ
72pi2PζN metric,
λN2
12pi2Pζ Palatini.
(3.25)
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In the case of Starobinsky inflation, the correct amplitude for the curvature power spectrum
is obtained for
α ' N
2
144pi2Pζ . (3.26)
The most recent analysis of observations of the CMB made by the Planck satellite give
(all at the 68% confidence level) [11]
ns = 0.9625± 0.0048, (3.27)
αs = 0.002± 0.010,
βs = 0.010± 0.013,
for the TT,TE,EE+lowE+lensing dataset including running of running of the spectral index.
The joint analysis of data by Planck and BICEP2/Keck Array give (at the 95% confidence
level) [13]
r < 0.06. (3.28)
All quantities above are constrained at the pivot scale k∗ = 0.05 Mpc−1. As mentioned
in the introduction, although the current constraints on the runnings αs and βs are not
severe enough to test the inflationary models, they are expected to be improved much in
future galaxy surveys and/or observations of the 21 cm line [17–22]. For example, in future
observations of 21 cm fluctuations, αs and βs could be probed at the level of αs = O(10−3)
and βs = O(10−4), respectively [21].
In the metric case the predicted tensor-to-scalar ratio is well within reach of current or
planned future experiments such as BICEP3 [14], LiteBIRD [15], and the Simons Observatory
[16], but in the Palatini case the predicted tensor-to-scalar ratio is within reach of the current
or near future experiments only if the non-minimal coupling takes a very small value ξ ∼ 1,
which requires λ . 10−10. However, as in all cases the exact predictions for inflationary
parameters depend not only on the values of these parameters but also on the total number
of e-folds, we will postpone presenting the results until we have discussed reheating and how
it affects the required number of e-folds. This will be done in Section 4, and the results are
then shown in Section 5.
Let us then discuss the case where the Jordan frame potential is quadratic. In this case,
it is difficult to find analytic estimates for the inflationary observables and we will perform a
purely numerical evaluation instead. Similar to the quartic case, the measured amplitude of
the curvature power spectrum fixes the mass parameter. One finds
m ' 5× 10−6MP, (3.29)
which shows why the SM Higgs with mH = 125 GeV cannot act as an inflaton with a
quadratic Jordan frame potential.
Before completing this section, let us briefly discuss models where the non-minimal
coupling to gravity is absent. For the spectral index and tensor-to-scalar ratio, one obtains
in this case the well-known results
n
(4)
s;ξ=0(φi) = 1−
3
N + 1
' [0.941, 0.951], r(4)ξ=0(φi) =
16
N + 1
' [0.26, 0.31],
n
(2)
s;ξ=0(φi) = 1−
16
8N + 1
' [0.960, 0.967], r(2)ξ=0(φi) =
64
8N + 1
' [0.13, 0.16],
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for quartic and quadratic potentials, respectively. The numerical values apply forN = [50, 60].
As is evident, the results are now strongly disfavored by the Planck data. Together with the
renormalizability requirements discussed in Section 2, this notion gives further motivation
for introducing non-minimal couplings to gravity.
4 Reheating
As discussed above, in order to be able to distinguish different models from each other, one
has to know their predictions for inflationary observables, such as ns and r, as accurately as
possible. As shown above, the predictions depend on the required number of e-folds N , that
is on the amount of expansion between the times when the pivot scale exited the horizon and
the end of inflation. How many e-folds are needed obviously depends on the expansion history
after inflation, which in turn depends on the moment when the Universe was reheated, i.e.
the reheating temperature. In the following, we will thus study reheating and the required
number of e-folds in the above models case by case.
4.1 Reheating in Higgs inflation
Reheating in Higgs inflation has been studied exhaustively in the metric case in [91, 106] (see
also [107, 108]) but never before in the Palatini case. In the following, we will review the
main results in the metric case and present the first calculations on reheating dynamics in
the Palatini-Higgs inflation.
4.1.1 Metric case
We begin by reviewing the main results in the metric case. In this case, inflation ends at
χend '
√
3/2MP log(1 + 2/
√
3). The effective Einstein frame χ condensate then begins to
oscillate with an initial field amplitude of χ . χend as soon as the field becomes effectively
massive, U ′′/H2 ≥ 1. The potential is at this point effectively quadratic
U(χ) ' 1
2
ω2Hχ
2, (4.1)
with an effective mass ω2H = λHM
2
P/3ξ
2
H.
The analysis presented in [91, 106] shows that in this regime the Higgs condensate
rapidly produces weak gauge bosons which subsequently decay into all other SM particles
and reheat the Universe. The number of e-folds is given by
N = ln
((
ρRH
ρend
)1/3( g0T 30
g∗T 3RH
)1/3
Hkk
−1
)
' 54.4 + 1
6
ln
(
r(N)
10−3
)
+
1
3
ln
(
TRH
1014GeV
)
, (4.2)
where ρRH = (pi
2/30)g∗T 4RH, ρend ' z2H2kM2P with z ≡ Hend/Hk ' 0.54, which characterizes
how much H changes between horizon exit of the pivot scale and the end of inflation. In
Fig. 2, we plot z as a function of ξ for the cases with quartic and quadratic Jordan frame
potential both in the metric and Palatini cases. From the figure, we can approximate z ' 0.54
for the quartic metric case when the non-minimal coupling is large enough, ξ & 1. Also,
g0 = 2 + 21/11 ' 3.909 is the entropic effective degrees of freedom at the present time. For
the Hubble parameter at the pivot scale, k∗ = 0.05 Mpc−1, we use Hk = 7.84× 1013
√
r/0.1
GeV. By using Eq. (3.20) for r = r(N), the result (4.2) can be expressed in terms of TRH as
N =
1
3
W
(
Exp
(
169.0 + ln
(
TRH
1014GeV
)))
, (4.3)
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where W is the principal branch of the Lambert W-function8. The reheating temperature is
[106]
TRH = (3− 15)× 1013GeV, (4.4)
and therefore for the metric counterpart of Higgs inflation N ' 54.2 − 54.8. The result is
in accord with the estimates given in [53, 54] when evaluated at the reference scale k =
0.002 Mpc−1 used in the above papers.
4.1.2 Palatini case
So far, reheating dynamics has been studied in the case of Palatini inflation in [109], where
the authors considered self-resonance of the inflaton field in a simple λφ4 theory only, and
in [69], where reheating in an S-inflation model was studied. In the following, we will fol-
low Ref. [69] and present the first calculations on reheating dynamics in the Palatini-Higgs
inflation, deriving expressions for the reheating temperature and the required number of
e-folds.
In the Palatini case, inflation ends at χend/MP = arsinh(4
√
2ξH)/(2
√
ξH). Thus, after
the amplitude of inflaton oscillations has decreased down to χq/MP ' 1/
√
ξ, the inflaton
potential can be approximated by
U(χ) ' λH
4
χ4. (4.5)
The potential after inflation is almost exactly quartic9, so that the total number of required
e-folds can be expressed independently of the reheating temperature as
N = ln
((
ρRH
ρend
)1/4( g0T 30
g∗T 3RH
)1/3
Hkk
−1
)
(4.6)
' 55.1 + 1
4
ln
(
r(N, ξH)
10−3
)
where we used Hend = Hk (see Fig. 2). The total number of e-folds can then be expressed as
N =
1
2
W
(
Exp
(
105.4− ln
√
ξH
108
))
, (4.7)
where we again used Eq. (3.20) to exchange r with N and ξH.
As one can see, the result does not depend on the reheating temperature due to the
fact that in this case the Higgs potential after inflation is almost exactly quartic, and as a
result the Universe is effectively radiation-dominated from the end of inflation. The required
number of e-folds still depends on the model parameters, namely ξH, and in Section 5 we
will show the results for Palatini-Higgs inflation for 106 ≤ ξ ≤ 1010. This corresponds to
10−4 . λH . 1, where the lower limit has been chosen to avoid fine-tuning in the SM beta
functions. Therefore, for the Palatini counterpart of Higgs inflation, N ' 49.2− 51.5.
Despite the fact that in this case the inflationary observables themselves are not sensitive
to the reheating temperature, one can derive an estimate for TRH in the Palatini-Higgs
inflation. Taking H2 ' λHχ4/(12M2P) after the quartic part of the Higgs potential has
8The Lambert W-function, also called the omega or product log function, is the inverse function of
f(x) = xex. This is exactly what we get upon substituting Eq. (3.20) for r = r(N) into Eq. (4.2).
9 By solving the Higgs’ equation of motion numerically in the true tanh4(
√
ξHξ/MP) potential, we find that
the quartic part of the potential is reached in less than one e-fold after inflation for all ξH under consideration.
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Figure 2. Comparison of the Hubble parameter at the end of inflation and at the time when the
pivot scale k∗ = 0.05Mpc−1 exited the horizon, defined as Hend/Hk =
√
U(χf )/U(χi). The left panel
shows the ratio in case of quartic Jordan frame potential, V (φ) = λφ4/4, and the right panel in case
of quadratic Jordan frame potential V (φ) = m2φ2/2. We have checked that at the limit ξ → 0 the
ratio Hend/Hk approaches the minimally coupled cases with quadratic and quartic potentials.
been reached and the field has started to oscillate about the minimum of its potential, and
[110, 111]
Γχ→W+W− ' 5× 10−4g4λ−1/4H χ, (4.8)
for the effective (semi-)perturbative decay rate of the Higgs into a pair of W± gauge bosons
with g the associated gauge coupling, we find that from the start of oscillations Γχ→W+W−/H > 1
and the field decays immediately. The reheating temperature can then be estimated as
TRH ' 2.5× 1014 GeV N√
ξH
, (4.9)
where we used Eq. (3.25) for λH/ξH and assumed the usual number of SM degrees of freedom,
g∗ = 106.75, as well as instant thermalization of SM particles after the decay of the Higgs
condensate.
Obviously, the above estimate neglects several phenomena known to play a role in
preheating dynamics, such as backreaction of produced particles and the fact that in the
beginning of post-inflationary era the potential is not exactly quartic. A detailed study on
these effects will be presented elsewhere but we believe that for the purposes of the present
paper the above estimates are sufficient, as in the Palatini case the Higgs potential indeed
is quartic rather than quadratic from the end of inflation to a good accuracy, and hence the
reheating temperature plays no significant role in determining the inflationary observables.
Knowing the exact reheating temperature might, however, be important for other phenomena,
such as post-inflationary phase transitions [112, 113] or dark matter production, leptogenesis
models [114], primordial black hole formation [115], or models where something else than
the inflaton-Higgs is responsible for producing the observed curvature perturbation at large
scales, such as modulated reheating [116] or curvaton models [117–119]. It is in this spirit
that we have presented our estimate for the reheating temperature, Eq. (4.9).
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4.2 Reheating in S-inflation
Reheating in S-inflation has been studied in the metric case in [53, 120, 121] and in [69] in
the Palatini case. Here we will review the main results obtained in these two cases.
4.2.1 Quartic potential: metric case
Again, after inflation the Einstein frame χ condensate begins to oscillate with an initial
field value χ ' χend. The field oscillates first in a quadratic potential U(χ) = ω2Sχ2/2
with an effective mass ω2S = λSM
2
P/3ξ
2
S, until a transition into a quartic potential occurs at
χq/MP '
√
2/3/ξS, unless the condensate decays before that.
The possible decay channels for an oscillating S condensate are decay to SM particles
and production of inflaton excitations [53]. In the case the condensate decays while oscillating
in the quadratic part of its potential, the number of inflationary e-folds is again given by
Eq. (4.3), where in this case TRH is a free parameter which can be determined once the
couplings of the S field to the SM sector have been specified. However, one can derive an
estimate for the smallest reheating temperature which is consistent with the assumption that
the field decays while in quadratic potential, namely
TminRH ' 4.5× 1013
(
N
60
)−1/2( ξS
104
)−1/2
GeV. (4.10)
The result means that in the case of S-inflation in the metric theory of gravity, Eq. (4.3)
only applies down to this temperature. One can easily verify that the reheating temperature
in the metric version of Higgs inflation satisfies this bound, i.e. THiggsRH > T
min
RH . We note in
passing that observationally there are no lower bounds on the reheating temperature besides
the requirement that the SM radiation had to be in equilibrium by the time of Big Bang
Nucleosynthesis (BBN), i.e. TRH > TBBN = O(1) MeV.
On the other hand, if the S condensate reaches the quartic part of its potential before
decaying into SM particles, the result will not depend on the reheating temperature, similarly
to the Palatini-Higgs case discussed in Section 4.1.2. In that case, the number of inflationary
e-folds is given by
N = ln
((
ρRD
ρend
)1/3(ρRH
ρRD
)1/4( g0T 30
g∗T 3RH
)1/3
Hkk
−1
)
' 57.3+1
6
ln
(
r(N, ξS)
10−3
)
+
1
12
ln
(
λS
ξ4S
)
,
(4.11)
where the energy density at the time the scalar undergoes a transition to the quartic potential
and the Universe enters into a radiation dominated era is ρRD = λSM
4
P/(9ξ
4
S) [106], where
λS/ξ
2
S is again given by Eq. (3.25). The result can then be written as
N =
1
2
W
(
Exp
(
113.1− 1
3
ln
(
ξS
104
)))
, (4.12)
where we used Eqs. (3.20) and (3.25). Here we take 1 ≤ ξS ≤ 105 (corresponding roughly to
10−10 . λS . 1), so that for the metric counterpart of S-inflation with a quartic potential
we find the maximum range N ' 53.8 − 55.9, which is a conservative result as well as the
one obtained from Eq. (4.3) for the chosen range of ξS. For the analysis on ξS < 1, we refer
to [69].
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4.2.2 Quartic potential: Palatini case
In the Palatini version of S-inflation the reheating dynamics is exactly the same as in the
Palatini counterpart of Higgs inflation, and hence the required number of e-folds is in this case
given by Eq. (4.7) with the substitution ξH → ξS. Because now λS (and hence also ξS) can
be considerably smaller than λH (ξH) without excessive fine-tuning, one can expect that in
models where the quartic self-coupling is small the results will deviate from those of Palatini-
Higgs inflation. Here we take 1 ≤ ξS ≤ 1010 (corresponding again to 10−10 . λS . 1), so
that for the Palatini counterpart of S-inflation with a quartic potential N ' 49.2− 55.0. For
the analysis on ξS < 1, see again Ref. [69].
Finally, we note that even though the required number of e-folds does not in this case
depend on the reheating temperature, the value of TRH can again be determined once the
couplings of the S field to the SM sector have been specified, as in [69].
4.2.3 Quadratic potential
Finally, we will study reheating in the case where the potential of the Jordan frame S field is
quadratic, rather than quartic, during inflation. After inflation, the Einstein frame potential
for the field χ is given by Eq. (3.9), and the field quickly reaches the purely quadratic part
of its potential so that Ω2(S) → 1 and the Einstein and Jordan frames become equivalent.
The field starts to oscillate and can then decay into SM particles but not fragment directly
into inflaton particles, as this channel is kinematically blocked [111].
The number of e-folds is again given by an expression similar to Eq. (4.2), namely
N = ln
((
ρRH
ρend
)1/3( g0T 30
g∗T 3RH
)1/3
Hkk
−1
)
' 54.4 + 1
6
ln
(
r(N, ξS)
0.01
)
+
1
3
ln
(
z−2TRH
1014GeV
)
,
(4.13)
where due to large variation in z ≡ Hend/Hk ' 0.12 (see Fig. 2), we have written the result
explicitly in terms of it. We will evaluate z numerically for each set of parameters. The
reheating temperature we again take to be a free parameter, and allow for a large range of
values between 106 GeV and 1016 GeV. In Section 5, we present the results for ns, r, αs and
βs with ξS and TR being varied. For ξS = 10
−3, we numerically find N ' 50.0 − 57.8 with
the above mentioned range of TR.
Because in this case the non-minimal coupling to gravity is required to be very small,
ξS ' O(10−3), basically the only difference in reheating between the metric and Palatini
counterparts of gravity is in the value of z. This difference is typically very small, which
makes it very difficult to distinguish between different theories of gravity through observations
in the case where the inflaton potential is quadratic during inflation. We will discuss this
further in Section 5.
4.3 Reheating in Starobinsky inflation
Reheating in Starobinsky inflation has been studied exhaustively in [122] and here we again
review the main results. As noted in Section 3.2, there is no Palatini counterpart for Starobin-
sky inflation, and hence we will study only the metric case.
In the case of Starobinsky inflation the scalaron couplings to all fields are suppressed
by MP, and reheating mainly occurs via decay of the scalaron into the SM Higgs bosons,
which then annihilate into other SM particles thus reheating the Universe. The reheating
temperature is [122]
TRH = 3× 109GeV. (4.14)
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Figure 3. Predictions for inflationary observables. Upper left panel: Spectral index ns vs. tensor-
to-scalar ratio r. Upper right panel: Spectral index ns vs. its running αs. Lower panel: Running
of the spectral index αs vs. running of the running βs. The color associated to each model is
indicated in the legend in the lower panel. For comparison, we also plot in the upper left panel the 1σ
and 2σ constraints on ns and r from Planck TT, TE, EE+lowE+lensing (red dotted) and TT, TE,
EE+lowE+lensing+BK14 (blue solid) [11]. In the upper right panel, we show 1σ and 2σ constraints
on ns denoted in Eq. (3.28) where we have quoted from the analysis allowing αs and βs varied. In the
case of αs and βs, the observational limits are outside the boundaries of the plots. For the quadratic
S-inflation case, we show the prediction for several values of ξ, as given in the Figure. Also in other
cases ξ is varied as discussed in the main text.
Because the potential in the Starobinsky case is similar to that of metric Higgs inflation also
during reheating, the total number of required e-folds is again given by Eq. (4.3). For the
above result for TRH we find N = 51.2, in accord with the results presented in [54] when N
is evaluated at the reference scale k = 0.002 Mpc−1 used in that paper.
5 Results and discussion
Predictions for the inflationary observables ns, r, αs, and βs of the models discussed in the
previous sections are shown in Fig. 3. These plots are our main results. We reiterate that we
have evaluated all observables numerically from Eqs. (3.17)–(3.19) and (3.24), without relying
on the analytical estimates given in Section 3.3. In the Palatini version of Higgs inflation the
prediction for tensor-to-scalar ratio is very small, r  10−5 (see Eq. (3.23)), and therefore
not shown in Fig. 3. For comparison with data, we have plotted the constraints on ns and r
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from Planck [11]. In the case of the running parameters αs and βs, the observational limits
are outside the boundaries of the plots. Although the current constraints on them are weak,
they can be much improved by using, e.g. future observations of galaxy surveys and/or
the 21 cm line [17–22]. As already mentioned, αs and βs could be probed at the level of
αs = O(10−3) and βs = O(10−4), respectively, for example, in future observations of 21 cm
fluctuations [21].
In the case of quadratic S-inflation, we only show the metric case since the predictions
of the Palatini case are practically indistinguishable from those of the metric case. Since
the observables are in this case very sensitive to the value of ξ, we show the predictions for
several values of it. We also note that the small disrepancy between the results reported
here and those presented in Ref. [59] by one of the present authors is due to an error in the
numerical computation of slow-roll parameters in [59].
The results show that already by measuring a non-zero tensor-to-scalar ratio r most
scenarios discussed in this paper can be distinguished from each other, i.e. positive obser-
vation of r would rule out most models. A notable exception to this is the case where the
inflaton has a quartic potential in the Jordan frame and gravity is of metric type, as then
both the SM Higgs (depicted by the brown line) and an inflaton field other than the SM
Higgs (depicted by the purple line) can predict r ' 0.0035, ns ' 0.965. As can be seen in
Fig. 3, it may not be possible to break this degeneracy by measuring running or running of
the running of the spectral index either, as the predictions would still be too similar to each
other (unless quantum corrections strongly affect the potentials). However, by specifying a
model and computing the reheating temperature – and hence the required number of e-folds
– accurately, it may still be possible to distinguish these two cases from each other. As noted
above, observations are also unlikely to separate the metric counterpart from the Palatini one
in the case where the inflaton potential in the Jordan frame is quadratic in the field. These
cases are, however, easily distinguishable from models where the potential is not quadratic.
Another case where observations are unlikely to be able to distinguish between models
of the same type is the one where the inflaton has a quartic potential in the Jordan frame,
gravity is of Palatini type, and the SM Higgs has a very small quartic self-coupling, λH . 10−5,
at the inflationary scale. However, as in this case the prediction for tensor-to-scalar ratio
is typically very small, r . 10−5, this scenario is less interesting from the observational
point of view. As discussed in Section 1, on-going or near-future CMB B-mode polarization
experiments such as BICEP3 [14], LiteBIRD [15] and the Simons Observatory [16] would be
pushing the limit on tensor-to-scalar ratio down to r . 0.001, or aiming to detect r above
this limit. This would probe Palatini models with quartic potentials only when the inflaton
has a small coupling to gravity, ξ < 1, which corresponds to λ . 10−10. For detailed analysis
of such scenario, see [69].
Similar analysis as conducted here could also be done, for example, for all the variants
of Higgs inflation. Indeed, as models where the SM Higgs assumes the role of inflaton have
been shown to exhibit rich and versatile phenomenology (see e.g. [24, 32, 46–52]), it would
be interesting to see if measuring the main inflationary observables could distinguish between
these variants.
6 Conclusions
In this paper we have made a detailed comparison between different non-minimal models
for cosmic inflation. We studied models where the inflaton is either coupled non-minimally
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to gravity via ξφ2R, or it is the dynamical scalar degree of freedom of the Starobinsky
model where the gravity sector is enlarged by an R2 term. We considered the original Higgs
inflation, Starobinsky inflation, and two different versions of a scenario where the inflaton
is a scalar field other than the SM Higgs, and discussed to what extent these models can
be distinguished from each other by measuring the main inflationary observables. Assuming
slow-roll, we calculated predictions for the spectral index, tensor-to-scalar ratio, and running
and running of the running of the spectral index. We considered non-minimal couplings in
both metric and Palatini theories of gravity, and discussed if inflationary observables can also
provide ways to distinguish between different theories of gravity in the context of the models
under consideration. We followed the evolution of the fields through reheating to compute
how many e-folds between horizon exit of a reference scale, where observables are measured,
and the end of inflation each model predicts, which is necessary to compute the observables
accurately.
We found that the current and near-future CMB B-mode polarization experiments are
generically able to distinguish between models of the same type, although a notable exception
to this is the case where the inflaton has a quartic potential in the Jordan frame and gravity
is of metric type, as then both the SM Higgs and a model where inflation is driven by a field
other than the SM Higgs can predict too similar values for inflationary observables, at least
when the reheating temperature (and hence the number of e-folds) is not accurately known.
It would be interesting to conduct a similar analysis also for other models where the
inflaton is coupled non-minimally to gravity and/or the gravity sector is otherwise extended.
This type of models typically have a flattening effect on the inflaton potential and there-
fore predict smaller values for the tensor-to-scalar ratio than models without such couplings,
and are thus capable of resurrecting such models. Determining the inflaton potential and,
ultimately, the high energy theory responsible for inflation therefore requires detailed calcu-
lations of dynamics of the inflaton field both during and after inflation. We hope that our
work paves the way for achieving this goal.
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